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Abstract
We perform a comprehensive analysis of the thermodynamic properties of the rotating Hayward
black holes which are characterized by their mass (M), charge g, and angular momentum (a). We
evaluate the thermodynamics quantities such as the Hawking temperature, mass, the entropy, the
heat capacity the black holes. The minimum of the mass occurs at r+ = r
⋆
+, where both the heat
capacity and temperature becomes vanishing. We find the critical values rC+ where heat capacity
diverges and black holes go through a thermal phase transition.
We also analyzed the horizon structure of the Hayward-de Sitter black holes to show that for each
g, there exist two critical values of the mass parameter Mcr1 and Mcr2 which correspond to the
degenerate horizons such that forMcr1 < M < Mcr2 we have rotating Hayward-dS black holes with
three horizons, viz, the inner horizon, the event horizon and cosmological horizon. On the other
hand, we present the effective thermodynamic quantities of the rotating Hayward-de Sitter black
holes by combining the first laws at the two horizons. We calculated the heat capacity at constant
pressure CP , the volume expansion coefficient α, and the isothermal compressibility κT .
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I. INTRODUCTION
The gravitational collapse of a star with sufficient mass, under some general conditions
will result into a singularity–as stated by the singularity theorems due to Hawking and Ellis
[1, 2]. Regular black holes have been considered, dating back to Bardeen [3], for avoiding
the curvature singularity beyond the event horizon [4, 5]. Bardeen proposed the first regular
model based on the ideas of Sakharov [6] and Gliner [7] who suggested that appearance of the
singularities could be replaced by matter with a de Sitter core, i.e., with the equation of state
p = −ρ. The Bardeen metric is spherically symmetric and static, which is asymptotically
flat, and have regular centers, satisfying the weak energy condition and it has influences in
shaping the direction of subsequent research on the existence or avoidance of singularities.
Later, the Bardeen model was interpreted as an exact solution to Einstein’s field equations
when coupled to a nonlinear electrodynamics [5]. It is also explained as a contrary to the
possibility that avoidance of singularities may be manifested in black hole spacetimes even if
we ignore the strong energy condition [4, 8]. As the weak cosmic censorship conjecture [1, 2]
asserted that the singularities which appear in gravitational collapse are always surrounded
by an event horizon. However, the existence of regular black holes are not regretted by this
conjecture. In fact, Hawking and Ellis [1, 2], and Borde [4, 8] pointed out that Bardeen
[3] model explicitly shows the impossibility of proving more general singularity theorems, if
one ignores the strong energy condition on a strict basis. There has been an tremendous
study on the analysis, and to find various regular black hole solutions [9–13]. But, all of
them were based on original Bardeen’s idea. However, the Hayward metric [10] is also
inspired by Bardeen’s idea, supported by finite density and pressures, goes off rapidly at
the distant increases and treated as a cosmological constant at radius falls off very near to
the origin. The formation and evaporation process of a Hayward [10] regular black hole
could be explored upto a minimum size l. Furthermore, in the Hayward spacetime [10], the
resulting stress-energy tensor satisfies the weak energy condition and but they may violate
the strong energy condition. The static spherically symmetric Hayward metric in (t, r, θ, φ)
has the form
ds2 = −f(r)dt2 +
dr2
f(r)
+ r2dΩ22 (1)
2
where dΩ22 = dθ
2 + sin2 θdφ2 and
f(r) = 1−
2Mr2
r3 + g3
, r ≥ 0. (2)
An analysis of zeros of f(r) = 0 reveals a critical value of mass M = 3g/25/3 and the radius
r∗ = 2
1/3g so that f(r) has a double zeros at r = r∗ if M = M∗, two zeros at r = r± if
M > M∗ and no zero if M < M∗ [10]. These cases correspond respectively, to an extremal
black hole with coincident horizons, a black hole with inner and event horizons, and no black
hole. At large r values the Hayward spacetime with total mass M , are having the metric
function as
f(r) ∼ 1−
2M
r
, r →∞ (3)
and for small r, i.e., near center it is given by
f(r) ∼ 1−
2M
g3
r2, r → 0. (4)
The spacetime (1) is regular everywhere as can be verified by its curvature invariants [14]
R =
12Mg3 (r3 − 2g3)
(r3 + g3)3
, lim
r→0
R = −
24M
g3
,
RµνR
µν =
72M2g6 (5r6 − 3r3g3 + 2g6)
(r3 + g3)6
, lim
r→0
RµνR
µν =
144M2
g6
,
RµνρσR
µνρσ =
48M2 (r12− 4r9g3 + 18r6g6 − 2r3g9 + 2g12)
(r3 + g3)6
, lim
r→0
RµνρσR
µνρσ =
96M2
g6
,(5)
which in the limit r → 0 do not diverge but rather are bounded and finite. A study of
thermal behaviors and their evaporation process for the Hayward black holes has been ex-
tensively analyzed [15]. Thermal fluctuations on the thermodynamic has been investigated
[16] by modifying the Hayward black holes. Recently, the Z. Y. Fan [17], invoking the non-
linear electrodynamics to find the exact solution of Hayward-anti de Sitter black holes.
But, the issues that non-rotating black hole cannot be tested by observations, as black hole
spin is important in any astrophysical process and hence it is necessary to find the rotating
counterpart of these regular metrics and thereafter a lot of regular rotating black holes were
investigated [18–21]. Also, as per no-hair theorem–the stationary axially symmetric black
hole candidates are characterized by their mass (M), the rotation parameter (a), and the
charge (Q), but still they lack direct observation and actual nature of them are not yet veri-
fied. This open an area of active research for studying various properties for black holes that
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are regular modification to the Kerr black holes. In this direction, the nature of rotating
Hayward black holes can be tested as astrophysical black hole candidates, such as Cygnus
X − 1, using their deviation parameters [22–25].
In recent years, the study of black holes thermodynamics has attracted attention due to their
many interesting and exciting features, including Hawking radiation, black hole entropy and
so on. The study of the black hole thermodynamics is much more exciting as it may provide
a possible way to deepen our understanding of quantum gravity. More specifically, the idea
of including the cosmological constant Λ in the first law of black hole mechanics provide us
a consistent way to study the phase space thermodynamics of the (anti)-dS spaces. As the
black holes in dS spaces usually comprises of a black hole event horizon and a cosmological
event horizon. These horizons emits thermal radiation with different temperatures. Hence
the black holes in dS spaces are thermodynamically unstable. There has been continued
interest in the study of the thermodynamic properties of dS space as the universe in its
current phase is undergoing through an accelerated expansion. The cosmological constant is
found to correspond the fluctuating vacuum energy and is generally considered as a possible
candidate for accelerating expansion. For the time being, the presently accelerated universe
will eventually evolve into another dS phase. As the separate study of the horizons thermo-
dynamics of the dS black holes makes the system thermodynamically unstable we shall have
the relation between the thermodynamic quantities on the two horizons which may give rise
to an effective way to investigate the thermodynamics quantities in dS spacetime. Based
on this logic, many works have been proposed to analyze the the critical behavior of the
effective thermodynamic quantities to show that when considering the relation between the
two horizons in dS spacetime there exists a phase transition and critical phenomena similar
to the ones in a van der Waals liquid-gas system. In our paper, we shall investigate the
similar phenomenon for the rotating Hayward-dS black holes and find its thermodynamic
quantities. The role of the nonlinear parameter g present in the theory will be emphasized
in both analytical and numerical ways.
The paper is arranged as follows. We first review the rotating regular Hayward spacetimes in
Sec. II and also discuss the thermodynamics. We also review the rotating regular Hayward-
dS spacetimes in Sec. III and also study the horizon structure. In Sec. IV we calculate the
effective thermodynamic quantities in axially symmetric rotating Hayward-dS black holes.
Finally, the paper is briefly concluded in Sec. V.
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II. ROTATING HAYWARD BLACK HOLES
The rotating Hayward metric belongs to non-Kerr family, which in Boyer-Lindquist coor-
dinates has same form as that of Kerr metric with mass m replaced by some mass function
m˜ which contains the nonlinear parameter g. The Hayward metric for rotating regular black
holes characterized by three parameters: the mass M , the spin parameter a, and the de-
formation parameter g, which in Boyer-Lindquist coordinates (t, r, θ, φ) coordinates can be
written as
ds2 = −
(
1−
2m˜(r)
Σ
)
dt2 −
4am˜(r)r sin2 θ
Σ
dtdφ+
Σ
∆
dr2 + Σdθ2
sin2 θ
(
r2 + a2 +
2a2m˜(r)r sin2 θ
Σ
)
dφ2 (6)
where, m˜(r) is related to black hole mass M via
m˜(r) = M
(
r3
r3 + g3
)
, (7)
and
∆ = r2 + a2 − 2m˜(r)r,
Σ = r2 + a2 cos2 θ, (8)
where a is the black hole spin parameter. The parameter g is the magnetic monopole charge
arising from the nonlinear electrodynamics, and measures the potential deviation from the
Kerr metric (g − 0). The rotating regular Hayward black hole metric (6) is independent of
t, φ, which implies that it admits two Killing vectors given by ηµ = δµt and ξ
µ = δµφ. The
horizons of rotating regular Hayward black holes are solution of
(ην , ξµ)
2 − (ηµηµ)(ξ
µξµ) = gtφ
2 − gttgφφ = 0,
or ∆ = 0. (9)
It turns out that for a given value of the parameter a, there exists an extremal value gE
for which Eq. (9) admits double root corresponding to the extremal black holes, while for
g < gE, the equation (9) can admit two possible roots (r±) corresponding to inner (r−) and
outer (r+) horizon. Thus considering specific values of the parameters g and a the ∆ = 0
has two different cases (i) the behavior similar to the Kerr black holes with two horizons
and (ii) two equal horizons corresponding to the extremal horizons.
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A. Thermodynamics
Next, we move on to discuss the thermodynamics of the rotating regular Hayward black
holes on the black hole event horizon. The mass of the rotating black holes in terms of the
event horizon radius r+ is obtained by equating ∆(r+) = 0. The Arnowitt-Deser-Misner
(ADM) mass of the rotating Hayward black holes reads
M+ =
(
r2+ + a
2
) (
r3+ + g
3
)
2r4+
. (10)
The Killing field χµ associated with the Killing vectors is expressed as χµ = ξµ + Ωηµ [27].
Here Ω is the angular velocity at the black hole event horizon which can be obtained with the
requirement that χµ is a null generator of the event horizon of the black holes i.e. χµχµ = 0,
which leads to
gtt + 2Ωgtφ + Ω
2gφφ = 0. (11)
The Ω is obtained from Eq. (11) as
Ω = −
gtφ
gφφ
±
√(
gtφ
gφφ
)2
−
gtt
gφφ
= −ω ±+
√
ω2 −
gtt
gφφ
, (12)
with
ω = −
gtφ
gφφ
=
−a
[
Σ− (∆− a2 sin2 θ)
]
Σ2 + a2 sin2 θ
[
2Σ− (∆− a2 sin2 θ)2
] , (13)
Using (13) into (12), we obtain
Ω = ω ±
Σ∆
1
2
sin θ
[
(a2 sin2 θ + Σ)2 −∆a2 sin2 θ
] . (14)
On the event horizon, ∆ = 0, and the angular velocity reduces to
Ω+ = ω|r=r+ =
a
r2+ + a
2
. (15)
The surface gravity κ =
√
−1
2
∇µχν∇µχν [27] of the rotating regular Hayward at the event
horizon yields, we have
κ =
∆′(r+)
2(r2+ + a
2)
(16)
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FIG. 1: Plot showing the behavior of T+M vs r+/M for rotating Hayward black hole.
where (′) denotes differentiation with respect to r. κ is related to the Hawking temperature
of the black hole, via T+ = κ/2pi which for the rotating regular Hayward black hole metric
(6) is given by
T+ =
1
4pir+ (r
2
+ + a
2) (r3+ + g
3)
[
3r3+
(
r2+ + a
2
)
+ 2r2+
(
r3+ + g
3
)
− 4
(
r2+ + a
2
) (
r3+ + g
3
)]
.(17)
In the Schwarzschild case (a=g=0), T+ ∝ r
−1
+ , the temperature of the black hole increases as
the horizon radius decreases and diverges when the horizon radius shrinks to zero. However,
when g = 0, Eq. (17) simplifies to give Kerr black holes temperature
TKerr+ =
1
4pir+
(
r2+ − a
2
r2+ + a
2
)
, (18)
The Hayward black holes similar to the Kerr black holes, the temperature (17) does not
diverge but shows a finite peak at short distances comparable to the Planck scale [15]. The
peak shifts to the right and smaller values with increasing the charge g. Fig. 1 shows the
temperature of the rotating regular Hayward and Kerr black holes grows to a maximum
TC+ , at r+ = r
C
+ and M+ = M
C
+ and then drops down to zero at r+ = r
∗
+ and M+ = M
∗
+,
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corresponding to the extremal temperature T ∗+ = 0. Consequently, the evaporation process
is split into two important branches, the right branch rC+ < r+ < ∞ called the early stage
of the evaporation process and the left branch r∗+ < r+ < r
C
+ called the quantum cooling
evaporation process [15].
a = 0.65 a = 0.85 a = 0.95
g = 0.1 g = 0.2 g = 0.3 g = 0.4 g = 0.1 g = 0.2 g = 0.3 g = 0.4 g = 0.1 g = 0.2 g = 0.3 g = 0.4
rC+ 1.3426 1.3742 1.4469 1.5569 1.7522 1.7714 1.8193 1.8994 1.9575 1.9730 2.0125 2.08096
MC+ 0.8289 0.8434 0.8772 0.9296 1.0825 1.0912 1.1132 1.1505 1.2094 1.2165 1.2345 1.2662
TC+ 0.0366 0.0361 0.0351 0.0334 0.0281 0.0279 0.0275 0.0266 0.0251 0.025 0.0247 0.0242
TABLE I: The tabulated values of the critical radius rC+, the critical mass M
C
+ and the critical
temperature TC+ for different values of the charge parameter g and rotation parameter a.
a = 0.65 a = 0.85 a = 0.95
g = 0.1 g = 0.2 g = 0.3 g = 0.4 g = 0.1 g = 0.2 g = 0.3 g = 0.4 g = 0.1 g = 0.2 g = 0.3 g = 0.4
r∗+ 0.6568 0.6967 0.7698 0.8607 0.8540 0.8801 0.9356 1.0132 0.9532 0.9747 1.0229 1.0936
M∗+ 0.6523 0.6669 0.6983 0.7436 0.8513 0.8604 0.8820 0.9162 0.9511 0.9585 0.9766 1.0063
TABLE II: The tabulated values of the extremal horizon r∗+ and the extremal massM
∗
+ for different
values of the charge parameter g and rotation parameter a.
The first law for the rotating regular Hayward black holes, considering the magnetic
monopole charge g as a variable quantity conjugate to the corresponding magnetic potential
can be written as
dM+ = T+dS+ + Ω+dJ +Ψ+dg (19)
8
where Ψ+ is the potential conjugate to charge g. The temperature, angular velocity and the
magnetic potential can be obtained through the relations
T+ =
(
∂M+
∂S+
)
J,g
=
[(
∂M+
∂r+
)(
∂r+
∂S
)]
J,g
Ω+ =
(
∂M+
∂J
)
S,g
=
[(
∂M+
∂r+
)(
∂r+
∂J
)]
S,g
Ψ+ =
(
∂M+
∂g
)
S,J
=
[(
∂M+
∂r+
)(
∂r+
∂g
)]
S,J
(20)
The entropy of the rotating regular Hayward black holes, using Eqs. (19) and (10), for
constant g, leads
S+ = pi
(
r2+ + a
2 −
2g3
r+
(
1 +
a2
3r2+
))
(21)
Obviously, for g 6= 0, the entropy of the rotating Hayward black hole no longer obeys the
Bekenstein area formula. In the limit a→ 0, Eq. (21) reduces to
S+ = pi
(
r2+ − 2g
2
)
, (22)
which is the entropy of the Hayward’s black holes [28, 29]. When a = g = 0, we have
S+ = pir
2
+, which is the entropy of the Schwarzschild black hole and satisfies the Beken-
stein’s area formula, i.e., S+ = A/4, where A is the area of the event horizon given as
A = 4pir2+.
The heat capacity determines the local thermal stability of a black hole. For the
Schwarzschild black hole, the heat capacity is always negative which continuously losing
its energy through Hawking radiation [30] and hence the Schwarzschild black hole is ther-
modynamically unstable. The spherically symmetric Hayward black holes the heat capacity
has a phase transition has been discussed [15, 31] at some horizon radius such that there
exists a discontinuity in the heat capacity. The black holes are unstable to thermal radiation
if it has negative heat capacity and for positive heat heat capacity the black holes are stable
to thermal radiation. The heat capacity of the black hole is defined as
C+ =
∂M
∂T+
=
∂M
∂r+
∂r+
∂T+
, (23)
Using the Eqs. (10) and (17), the heat capacity for the rotating regular Hayward black holes
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reads
C+ = −
2pi
[(
r2+ + a
2
)2 (
r3+ + g
3
)2 (
r5+ − (a
2r+ + 2g
3) r2+ − 4g
3a2
)]
r3+ [r
10
+ − (4a
2r2+ + a
4 + 10g3) r6+ − 2g
3 (16a2r+ + g3) r4+ − 2g
3a2 (7a2r+ + 5g3) r2+ − 4a
4g6]
,
(24)
Fig. 2 shows that the rotating regular Hayward black holes is stable in the region r∗+ <
r+ < r
C
+, where r
C
+ is the critical horizon radius where the heat capacity diverges, and the
corresponding temperature becomes maximum while the black holes is thermodynamically
unstable in the range rC+ < r+ < ∞. When a = g = 0, the heat capacity (24) becomes
C+ = −2pir
2
+, that of the Schwarzschild black hole. The heat capacity for g = 0, reduces to
the expression of Kerr black hole. When r+ = r
∗
+, both the heat capacity and temperature
approach to zero.
There exits extremal mass of the rotating Hayward black holes corresponding to the extremal
configuration of the black holes. We note that the temperature of the black holes vanishes at
r∗+, where r
∗
+ corresponding to the extremal value of the black hole horizons. When r+ < r
∗
+,
the temperature corresponds to the negative value and is not physically significant. The
minimum mass corresponding to the extremal horizon radius r∗+ is known as the remnant
mass. The size and the mass of the remnant increase with the increase in the charge
parameter g and the rotation parameter a (see Table. I).
III. THE ROTATING HAYWARD-DS BLACK HOLESS AND ITS HORIZON
STRUCTURE
Now we discuss the four-dimensional rotating regular Hayward black holes belonging to
the non-Kerr family in the asymptotically dS spacetimes. The rotating regular Hayward-dS
black holes metric in the Boyer-Lindquist coordinates (t, r, θ, φ) reads
ds2 = −
∆r
Σ
(
dt−
a sin2 θ
Ξ
dφ
)2
+
Σ
∆r
dr2 +
Σ
∆θ
dθ2 +
∆θ sin
2 θ
Σ
(
adt−
r2 + a2
Ξ
dφ
)2
, (25)
where
Σ = r2 + a2 cos2 θ, Ξ = 1 +
Λ
3
a2, (26)
∆r =
(
r2 + a2
)(
1−
Λ
3
a2
)
− 2m˜(r)r, ∆θ = 1 +
Λ
3
a2 cos2 θ, (27)
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FIG. 2: Plot showing the behavior of C+ vs r+ for rotating Hayward black hole.
where m˜(r) is the mass function for rotating regular Hayward-dS black holes given in
Eq. (10). Λ is the positive cosmological constant which is treated as a variable. We have
seen in the previous section, the rotating regular Hayward black holes admit two horizons,
viz, the Cauchy and event horizons depending upon the values of the parameters a and g.
An analysis of the horizons of the rotating regular Hayward black holes has been exten-
sively discussed [26]. In this section, we briefly discuss the horizon structures of the rotating
Hayward-dS black holes. The addition of the positive cosmological constant Λ for different
values of the mass parameter M , the nonlinear parameter g, and the rotation parameter a,
we have three distinct horizon (c.f. Fig. 3) namely, the innermost Cauchy horizon r−, the
outer horizon r+, the outermost cosmological horizon rC , such that r− < r+ < rC . There ex-
ist two extremal conditions corresponding to two critical masses Mcr1 and Mcr2. In the mass
range Mcr1 < M < Mcr2, we have three distinct horizons, while M = Mcr1 and M = Mcr2,
correspond, respectively, to the degenerate Cauchy and event horizons when r− = r+ = r
E
+
and the degenerate event and cosmological horizons when r+ = rC = r
E
C . On the other
hand, when M < Mcr1, there exists cosmological horizon only, and hence it puts a lower
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bound on the mass parameter of the black holes [33]. This minimal configuration therefore
corresponds to the mass of a remnant [33]. The configuration with the critical mass Mcr2
corresponds to a regular modification to the Narai-type solution. In the following we study
the thermodynamic properties related to the black hole event horizon and the cosmological
horizon and find the effective thermodynamic quantities relating the two horizons.
IV. THE EFFECTIVE THERMODYNAMIC QUANTITIES OF ROTATING REG-
ULAR HAYWARD-DS BLACK HOLES
In this section, we derive the thermodynamic quantities associated with rotating regular
Hayward-dS black holes in terms of the event horizon and cosmological horizons. The black
hole event horizon and cosmological horizon, respectively, satisfy the equations ∆r(r+) = 0
and ∆r(rC) = 0 [34–36]. So, solving them simultaneously, one can obtain
a2 =
r2+rC
[
r2+
[
r+
(
1−
Λr2+
3
)
− rC
(
1−
Λr2C
3
)]
+ g3
(
1−
Λr2+
3
)]
[
r4+
(
1−
Λr2
C
3
)
− r3+rC
(
1−
Λr2
+
3
)
− g3rC
(
1−
Λr2
+
3
)] , (28)
2m =
(
r3+ + g
3
)
(r3C + g
3)
(
r2C − r
2
+
) (
1− Λ
3
r2+
) (
1− Λ
3
r2C
)
r3+r
3
C
(
r+
(
1− Λ
3
r2C
)
− rC
(
1− Λ
3
r2+
))
+ g3 (r2C − r
2
+)
(
r2C + r
2
+
(
1− Λ
3
r2+
))
=
(
r2+ + a
2
)
(r2C + a
2)
(
r3+ + g
3
)
(r3C + g
3) (r+ + rC)
2r2+r
2
C (r
2
+r
2
C (r
2
+ + r+ + r
2
C)− a
2 (g3(r+ + rC)− r2+r
2
C))
, (29)
Ξ =
r3+r
3
C
[
r+rC
(
r2+ + r+rC + r
2
C + 2a
2
)
− a4
]
− a2g3 (r+ + rC)
(
a2(r2+ + r
2
C) + 2r
2
+r
2
C
)
r2+r
2
C [r
2
+r
2
C (r
2
+ + r+rC + r
2
C + a
2)− a2g3(r+ + rC)− r3C (r+ + rC)]
,
(30)
Λ
3
=
r3+r
3
C (r+rC − a
2)− g3(r+ + rC)
(
r2+r
2
C + a
2
(
r2+ + r
2
C
))
r2+r
2
C [r
2
+r
2
C (r
2
+ + r+rC + r
2
C + a
2)− a2g3 (r+ + rC)]
(31)
which for g = 0 and a = 0, respectively, reduce to the expressions of the Kerr-dS black holes
[34] and Hayward-dS black holes [32]. The Hawking temperatures of the event horizon and
cosmological horizon, respectively, are given by T+ = κ+/2pi, TC = −κC/2pi, where κ+ and
−κC are surface gravities of the two horizons with κC > 0 and κ+ ≥ κC . The Hawking
temperatures for the rotating regular Hayward dS black holes are given by
T+ =
r+
[ (
r6+ + 2g
3r3+ −m
(
4g3r2+ + r
5
+
))
−
(
2r2+ + a
2
) (
r3+ + g
3
)
Λ
3
]
2pi (r2+ + a
2) (r3+ + g
3)
, (32)
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FIG. 3: The plot of ∆r vs r for rotating Hayward-dS black hole for different values of the parameters
a and g at a fixed Λ.
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TC =
rC
[
(r6C + 2g
3r3C −m (4g
3r2C + r
5
C))− (2r
2
C + a
2) (r3C + g
3) Λ
3
]
2pi (r2C + a
2) (r3C + g
3)
, (33)
where m and Λ are given in Eqs. (28) and (31). One can see from Eqs. (32) and (33),
that when g = 0, then it reduces to of the temperature expressions of Kerr-dS black holes
[34], and for a = 0, one can get the temperatures of the Hayward-dS black holes [32]. The
Bekestein-Hawking entropy associated with the two horizons, respectively, read [34, 35]
S+ =
pi
(
r2+ + a
2
)
Ξ
, SC =
pi (r2C + a
2)
Ξ
. (34)
As mentioned in [37], the entropies of the black hole horizon and the cosmological horizon
are different but the mass, the angular momentum etc. have the same values irrespective
of the horizons but with the opposite signatures. The angular velocities of the event and
cosmological horizons read
Ω˜+ =
aΞ
r2+ + a
2
, Ω˜C =
aΞ
r2C + a
2
. (35)
At the asymptotic infinity the angular momentum and the angular velocity read
J =
a m
Ξ2
=
a
2Ξ2
(
r2+ + a
2
)
(r2C + a
2)
(
r3+ + g
3
)
(r3C + g
3) (r+ + rC)
r2+r
2
C (r
2
+r
2
C (r
2
+ + r+ + r
2
C)− a
2 (g3(r+ + rC)− r2+r
2
C))
, Ω∞ =
Λ
3
a.(36)
The angular momentum (36), will have the form of the Kerr-dS black holes when one take
g = 0. The thermodynamics quantities of the event and cosmological horizon are related
via the first law black hole thermodynamics system [34–36]
δM = T+δS+ + Ω+δJ + V+δP,
δM = −TCδSC + ΩCδJ + V+δP, (37)
where
Ω+ = Ω˜+ − Ω∞
=
a
(
1− Λr2+/3
)
r2+ + a
2
=
ar2+ (g + rC) (r+ + rC) (a
2 + r2C) (g
2 − grC + r
2
C)
r2C (r
2
+ + a
2) [r2+r
2
C (r
2
+ + r+rC + r
2
C + a
2)− a2g3 (r+ + rC)]
,
ΩC = Ω˜C − Ω∞
=
a (1− Λr2C/3)
r2C + a
2
=
ar2C (g + r+) (r+ + rC)
(
a2 + r2+
) (
g2 − gr+ + r
2
+
)
r2+ (r
2
C + a
2) [r2+r
2
C (r
2
+ + r+rC + r
2
C + a
2)− a2g3 (r+ + rC)]
. (38)
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The thermodynamics volumes relating the black hole horizon and cosmological horizons,
respectively, read
V+ =
2pi(r2+ + a
2)
3r+Ξ
(
2r2+ + a
2 +
Λa
3
a2r2+
)
VC =
2pi(r2C + a
2)
3r+Ξ
(
2r2C + a
2 +
Λa
3
a2r2C
)
(39)
where, cosmological constant Λ is related to the conjugate pressure via
Λ = −8piP. (40)
In the slow rotation limit a≪ r+ [34], we have
V = VC − V+ ≈
4pi
3
(
r3C − r
3
+
)
(41)
For a fixed a, and from Eq. (25) we obtain
dr+ ≈
r+dM
(r2+ + g
2)κ+
+
r2+dΛ
6κ+
, drC =
rCdM
(r2C + g
2)κC
+
r2CdΛ
6κC
, (42)
Substituting Eq. (42) into Eq. (41), we get
dV ≈ 4pi
(
rC
κC
−
r+
κ+
)
dM +
2pi
3
(
r4C
κC
−
r4+
κ+
)
dΛ. (43)
A. Effective thermodynamic quantities of rotating Hayward-dS black holes
As is obtained in the previous section the temperatures at the black hole event horizon
and cosmological horizon are not equal. Thus, the rotating regular Hayward-dS system
cannot acquire thermal equilibrium. However, the three variables viz. M, a, and Λ connect-
ing the black hole horizon and the cosmological horizon are interlinked with the Hawking
temperatures of the two horizons. Therefore, it is expected that thermodynamic quantities
at each of the two horizons are related to other. In this respect, when we study the ther-
modynamical aspects of rotating regular Hayward-dS spacetime we must incorporate the
thermodynamics of the two horizons in an effective way. However, there are two special
cases for the rotating regular Hayward-dS black hole, namely, the Nariai black hole and
the lukewarm black holes [35, 38–42] where temperatures at both the horizons are same.
When the black hole event horizon and cosmological event horizon coincide apparently, they
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have the same temperature and correspond to the Narai solutions [43]. A study of the dS
spacetime reveals the rate of emitting particles containing the energy ω as
Γ = exp (∆SC) exp (∆S+) = exp (∆SC +∆S+) (44)
where ∆S+ and ∆SC are the difference in the entropies corresponding to the black hole
horizon and the cosmological horizon respectively after the dS black holes emitted particles
with energy ω. Thus the rate of emission of the radiating particles can be thought of as the
product of the rate of particles emitted from the black hole horizon and the cosmological
horizon. Therefore the cumulative effect of the entropies of the event and cosmological
horizon contribute to the effective entropy of the dS spacetime as
S = S+ + SC . (45)
Utilizing Eq. (37) into Eq. (45), we have
dS = 2pi
(
1
κ+
+
1
κC
)
dM − 2pi
(
Ω+
κ+
+
ΩC
κC
)
dJ − 2pi
(
Ψ+
κ+
+
ΨC
κC
)
dg +
1
4
(
V+
κ+
+
VC
κC
)
dΛ(46)
For simplicity we consider the case with constant deviation parameter g. So Eq. (46) reduces
to the form
dS = 2pi
(
1
κ+
+
1
κC
)
dM − 2pi
(
Ω+
κ+
+
ΩC
κC
)
dJ +
1
4
(
V+
κ+
+
VC
κC
)
dΛ. (47)
Utilizing Eqs. (43) and (46) we can obtain
dM = TeffdS + PeffdV +Ψeffdg + ΩeffdJ (48)
and the corresponding Smarr relation [44–50] reads
M = 2TeffS + Φeffg − 2PeffV + ΩeffJ (49)
where,
Teff =
α2
α2α3 − α5α1
, Ωeff =
α2α4
α2α3 − α5α1
,
Peff =
α5
α2α3 − α5α1
, (50)
α1 = 4pi
(
rC
κC
−
r+
κ+
)
, α2 =
2pi
3
(
r4C
κC
−
r4+
κ+
)
,
α3 = 2pi
(
1
κC
+
1
κ+
)
, α4 = 2pi
(
ΩC
κC
+
Ω+
κ+
)
,
α5 =
1
4
(
V+
κ+
+
VC
κC
)
, (51)
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κ+ =
r+
[ (
r6+ + 2g
3r3+ −m (x, rC , g)
(
4g3r2+ + r
5
+
))
−
(
2r2+ + a
2
) (
r3+ + g
3
) Λ(x,rC ,g)
3
]
(r2+ + a
2) (r3+ + g
3)
,
(52)
κC =
rC
[
(r6C + 2g
3r3C −m (x, rC , g) (4g
3r2C + r
5
C))− (2r
2
C + a
2) (r3C + g
3) Λ(x,rC ,g)
3
]
(r2C + a
2) (r3C + g
3)
,
(53)
where m (x, rC , g) and Λ (x, rC , g) are expressed as
m (x, rC , g) =
(x+ 1) (a2 + r2C) (g
3 + r3C) (a
2 + r2Cx
2) (g3 + r3Cx
3)
2r4Cx
2 (r5Cx
2 (x2 + x+ 1)− a2 (g3(x+ 1)− r3Cx
2))
(54)
Λ (x, rC , g) = −
3 (a2 (g3 (x3 + x2 + x+ 1) + r3Cx
3) + r2Cx
2 (g3(x+ 1)− r3Cx
2))
r2Cx
2 (r5Cx
2 (x2 + x+ 1)− a2 (g3(x+ 1)− r3Cx
2))
(55)
Substituting of Eqs. (52) and (51) into Eq. (50), we obtain the thermodynamic quantities
of the Hayward-dS black hole,
Teff =
2
(
r4cκ+ − r
4
+κC
)
κ+κC
4pi (rC4κ+ − r+4κC) (κ+ + κC)− 3 (rCκ+ − r+κC) (VCκ+ + V+κC)
≈
(
r4Cκ+ − r
4
+κC
)
2pi (r2C − r
2
+) (r
2
C + r
2
+ + rCr+)
=
(κ+ − x
4κC)
2pi (1− x2) (1 + x+ x2)
(56)
Ωeff =
4pi
(
r4Cκ+ − r
4
+κC
)
(Ω+κC + Ωcκ+)
4pi (rC4κ+ − r+4κC) (κ+ + κC)− 3 (rCκ+ − r+κC) (VCκ+ + V+κC)
≈
(r4Cκ+ − r
4
CκC) (Ω+κC + Ωcκ+)
(r2C − r
2
+) (r
2
C + r
2
+ + rCr+) κ+κC
=
(κ+ − x
4κC) (Ω+κC + Ωcκ+)
2pi (1− x2) (1 + x+ x2)κ+κC
(57)
Peff =
1
4pi
[
3 (VCκ+ + V+κC)κ+κC
4pi (rC4κ+ − r+4κC) (κ+ + κC)− 3 (rCκ+ − r+κC) (VCκ+ + V+κC)
]
≈
1
4pi
[ (
r3+κC + r
3
Cκ+
)
(r2C − r
2
+) (r
2
C + r
2
+ + rCr+)
]
=
1
4pirC
[
(x3κC + κ+)
(1− x2) (1 + x+ x2)
]
(58)
where, κ+ and κC are given in Eqs. (52) and (53) respectively. As the limiting case when
x = 1, i.e., when r+ = rC , we have T+ = TC = 0 but their surface areas are not zero indicating
that they have nonzero entropy. The total entropy then reads S=S+ + SC=2S+=2SC . In
the limit x → 1, the effective pressure Peff of the rotating regular Hayward dS spacetimes
approaches to zero but the temperature approaches the steady state value.
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FIG. 4: Plot showing the behavior of Teff vs x for rotating Hayward-dS black hole.
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FIG. 5: Plot showing the behavior of Peff vs x for rotating Hayward-dS black hole.
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FIG. 6: Plot showing the behavior of CP vs x for rotating Hayward-dS black hole.
B. Phase transition of rotating regular Hayward-dS black holes
Next, we calculate the heat capacity at constant pressure CP , the volume expansion
coefficient α, and the isothermal compressibility κT of the rotating Hayward-dS black holes.
The CP , α, and κT , respectively, read
CP = Teff
(
∂S
∂Teff
)
Peff
= Teff
[ (∂S
∂x
)
rC
(
∂Peff
∂rC
)
x
−
(
∂S
∂rC
)
x
(
∂Peff
∂x
)
rC(
∂Teff
∂x
)
rC
(
∂Peff
∂rC
)
x
−
(
∂Teff
∂rC
)
x
(
∂Peff
∂x
)
rC
]
, (59)
We obtain the critical values of the quantity x=xc, the effective pressure Peff=P
c
eff and
the effective temperature Teff=T
c
eff and study the critical behavior in the extended phase
space. It is expected that the critical points in the phase space appeared as a diverging point
of the heat capacity. Hence, one can equate the denominator of the heat capacity to zero
and find the critical points. The critical points of the heat capacity is denoted as x = xc.
This critical point corresponds to the maximum of the temperature and pressure profiles
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and denoted, respectively, as T ceff and P
c
eff . The values x
c, T ceff , and P
c
eff of the critical
points corresponding to rC = 10 are shown in the Table below.
a = 0.0 a = 0.3 a = 0.95
g = 0.1 g = 0.2 g = 0.3 g = 0.4 g = 0.1 g = 0.2 g = 0.3 g = 0.4 g = 0.1 g = 0.2 g = 0.3 g = 0.4
xc 0.0215 0.0427 0.0637 0.0843 0.0619 0.0717 0.08623 0.1027 0.1779 0.1795 0.1834 0.1901
T ceff 0.0418 0.0272 0.01827 0.0135 0.0115 0.0103 0.0087 0.0072 0.0029 0.0029 0.0029 0.0029
P ceff 0.0209 0.0136 0.0091 0.0067 0.0057 0.0051 0.0043 0.0036 0.00149 0.00148 0.00145 0.0014
TABLE III: The tabulated values of the critical ratio xc, the critical temperature T ceff and the
critical pressure PCeff for different values of the charge parameter g and rotation parameter a.
α =
1
V
(
∂V
∂Teff
)
Peff
=
1
V
[ (∂V
∂x
)
rC
(
∂Peff
∂rC
)
x
−
(
∂V
∂rC
)
x
(
∂Peff
∂x
)
rC(
∂Teff
∂x
)
rC
(
∂Peff
∂rC
)
x
−
(
∂Teff
∂rC
)
x
(
∂Peff
∂x
)
rC
]
, (60)
β =
1
V
(
∂V
∂Peff
)
Teff
= −
1
V
[ (∂V
∂x
)
rC
(
∂Teff
∂rC
)
x
−
(
∂V
∂rC
)
x
(
∂Teff
∂x
)
rC(
∂Teff
∂x
)
rC
(
∂Peff
∂rC
)
x
−
(
∂Teff
∂rC
)
x
(
∂Peff
∂x
)
rC
]
. (61)
We comment on the local thermal stability of the black holes determined at constant pres-
sure. The specific heat at constant pressure P is given by Eq. (59). It is shown in the Fig. 6
that the heat capacity consists of three regions. This behavior of CP can be related to P
relative the critical values P ceff given in Table.III. When P > P
c
eff , there is no singular points
for CP . The three consists of the small black holes for smaller values of x, the intermediate
region and the larger x corresponds to the large black holes.
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FIG. 7: Plot showing the behavior of β vs x for rotating Hayward-dS black hole.
V. CONCLUSIONS
In this paper, we have calculated the thermodynamic quantities such as the Hawking tem-
perature and heat capacity of the rotating Hayward regular black holes to study its thermal
behavior. The rotating regular black hole leaves behind it a thermodynamically stable
double-horizon remnant, M = MC+ , corresponding to the minimal mass configuration. The
black holes emit radiation when heated to the Hawking temperature. The Eq. (17) contains
the Kerr (g = 0), the Hayward (a = 0) and Schwarzschild (g = a = 0) temperatures as
special cases. The temperature does not diverge but shows a finite peak except for the
g = a = 0 case. The behavior of the temperature as a function of the event horizon radius
is depicted in Fig. 1 for different values of the charge g, and the rotation parameter a. The
figure suggests that the regular black holes (g 6= 0) are colder than the singular black holes
(g = 0). The Schwarzshild-Tangherlini temperature, i.e., T+ = 1/2pir+ shows the divergent
behavior as r+ → 0. The temperature of the black hole becomes maximum at the point
r+ = r
C
+, where the heat capacity diverges (see the Table. I) and thereby testifying a quan-
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FIG. 8: Plot showing the behavior of α vs x for rotating Hayward-dS black hole.
tum cooling and a second-order phase transition during evaporation [33, 51].
Next, we have extensively studied the horizon structure and horizon-mass diagram of the
black hole solutions in the asymptotically dS spacetimes. In the range of mass parameter
Mcr1 < M < Mcr2, it describes a regular cosmological black holes. The horizon-radius dia-
gram describes the distinct features of the spacetimes geometry where all the three horizons,
namely the Cauchy horizon r−, the event horizon r+, and the cosmological horizon rC are
shown for different values of the charge g, and the rotation parameter a.
Finally, we have presented the globally thermodynamic properties including thermodynamic
stability and phase transition of rotating Hayward-dS black hole. It must be emphasized
that we have considered the black hole horizon and the cosmological horizon as two ther-
modynamical systems and studied the effective thermodynamics of them. However, the
temperatures on the two horizons are different. Thus, the two horizons cannot be in ther-
modynamic equilibrium, except for the Nariai or lukewarm case , i.e, for x = 1. As the
two horizons share the same factors g, a, and Λ, we can have some relations connecting the
horizons. Proceeding along this line, we have calculated the globally effective thermodynam-
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ics quantities such as the effective temperature, the heat capacity at constant pressure, the
isothermal compressibility and the volume expansion coefficient to deal with the dS black
holes.
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